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ON THE SECOND RIGIDITY THEOREM OF HUNEKE AND WIEGAND
OLGUR CELIKBAS AND RYO TAKAHASHI
Dedicated to the memory of Ragnar-Olaf Buchweitz
ABSTRACT. In 2007 Huneke and Wiegand announced in an erratum that one of the conclusions of their
depth formula theorem is flawed due to an incorrect convention for the depth of the zero module. Since
then, the deleted claim has remained unresolved. In this paper we give examples to prove that the deleted
claim is false, in general. Moreover, we point out several places in the literature which relied upon this
deleted claim or the initial argument from 2007.
1. INTRODUCTION
In the following, unless otherwise stated, R denotes a commutative Noetherian local ring and modR
denotes the category of all finitely generated R-modules. For the standard notations and unexplained
terminology, we refer the reader to [10] and [16].
The aim of this paper is to establish a result that yields examples of modulesM,N ∈modR such that
M andM⊗RN are both reflexive, N is not reflexive, and N has finite projective dimension (in particular
N has rank); see Theorem 2.4, and Examples 2.5 and 2.6. The motivation of this investigation stems
from beautiful results of Huneke and Wiegand, namely from the following theorems:
Theorem 1.1. (Huneke and Wiegand [12, 2.5]) Let R be a complete intersection and let M,N ∈modR
be nonzero modules. If TorRi (M,N) = 0 for all i≥ 1, then the following equality holds:
depthR(M)+ depthR(N) = depth(R)+ depthR(M⊗RN).
The depth equality in Theorem 1.1 is generally referred to as the depth formula; it was initially
proved by Auslander when one of the modules considered has finite projective dimension; see [2, 1.2].
In codimension one case, Huneke and Wiegand established a condition on the tensor product M⊗R N
that yields Tor-independence; their result is called the second rigidity theorem and is given as follows.
Theorem 1.2. (Huneke and Wiegand [12, 2.7]) Let R be a hypersurface and let M,N ∈ modR, either
of which has (constant) rank. If M⊗RN is reflexive, then Tor
R
i (M,N) = 0 for all i≥ 1.
In passing, it seems worth noting an easy, albeit an important, consequence of the second rigidity
theorem: over a hypersurface ring that has finite Cohen-Macaulay representation type, the depth of
tensor products of two (nonzero) maximal Cohen-Macaulay modules cannot exceed one; see [6, 1.3].
Recall a moduleM ∈modR satisfies (Sn) if depthRp(Mp)≥min{n,dim(Rp)} for each p∈SuppR(M);
see [10, Chapter 0] and [12, page 451]. Note that, if R is Gorenstein, then M is reflexive if and only if
M satisfies (S2) [10, 3.6]. Next is the question we are mainly concerned with in this paper; both parts of
the question are true in some special cases, for example, if R is a domain [5, 1.3].
Question 1.3. Let R be a complete intersection ring of codimension c, and letM,N ∈modR be nonzero
modules such thatM⊗RN satisfies (Sn) for some positive integer n.
(i) If TorRi (M,N) = 0 for all i≥ 1, then must bothM and N satisfy (Sn)?
(ii) If M or N has rank, c= 1 and n= 2, then must bothM and N be reflexive?
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Although we record it here as a question, initially, the first part of Question 1.3 was stated as a
corollary of Theorem 1.1 in [12]; see [12, 2.6]. Similarly, the second part of the question was indeed part
of the second rigidity theorem proved in [12]; see [12, 2.7]. In 2007 Huneke and Wiegand announced
in the erratum [15] that both of these results (i.e., both parts of Question 1.3) need to be removed from
[12]; this is because, in [12], contrary to the correct depth convention depth(0) = ∞, it is assumed
that depth(0) = −1. As mentioned in [15], the depth lemma may fail in case one uses the convention
depth(0) = −1. It was also explained in [15] that the proofs of Theorems 1.1 and 1.2 are intact under
the assumption depth(0) = ∞, but the claimed conclusions of these theorems, namely those stated as
Question 1.3, do not follow from Theorems 1.1 and 1.2. Moreover, it was not discussed in the erratum
[15] whether or not these removed results are false in general, or whether or not they may be justified
via different techniques. In other words, Question 1.3 has been open until now; see [7, page 111].
There are straightforward cases where both parts of Question 1.3 are correct. For example, if both
modules considered have full support, e.g., if the ring is a domain, then the question is positive: in
this case, one can localize the depth formula at a prime ideal, obtain nonzero modules and follow the
argument of [1, 2.8]; see also [5, 1.3]. However, it turned out to be quite difficult to study Question 1.3
to prove affirmative results. For example, Celikbas and Piepmeyer [5] attacked the problem by using a
version of the new intersection theorem, and obtained partial results over complete intersection rings.
In Section 2, we prove our main result that gives negative answers to Question 1.3; see Theorem 2.4,
and Examples 2.5, and 2.6. Along the way we make a new observation on Tor-rigidity, a topic initiated
by Auslander [2], but not well-understood in commutative algebra. In view of the negative answers we
obtained for Question 1.3, some of the results from the literature, besides those in [12], need revisions;
for example, see [1, 2.8], [11, second and the third paragraphs on page 685] and [13, 1.6(1)].
2. MAIN RESULT AND EXAMPLES
In the following,Tr(M) denotes the Auslander transpose ofM over R [3]. Also we set depth(0) = ∞.
We start by recalling a property that will be often used tacitly; see, for example, [10, 3.4, 3.5 and 3.6].
Remark 2.1. Let R be a Noetherian ring (not necessarily local) and letM ∈modR be a module.
(i) Suppose R satisfies (S1). ThenM satisfies (S1) if and only if M is torsion-free.
(ii) Suppose R is Gorenstein. ThenM satisfies (S1) if and only if M is torsionless.
(iii) Suppose R is Gorenstein. ThenM satisfies (S2) if and only if M is reflexive.
Torsionless modules are torsion-free, but the converse is not true, in general. For example, if k is a
field, R= k[[x,y,z]]/(x2,xy,y2) andM = R/(x), then R is a one-dimensional Cohen-Macaulay local ring,
andM is a torsion-free R-module since AssR(M) =MinR(M) = {(x,y)}. However,M is not torsionless
since Ext1R(TrM,R) =Ext
1
R(R/(x),R) is not zero: this can be checked by definition, or by using the exact
sequence 0→ R/(x,y)→ R→ R/(x)→ 0. Vascencelos [14, Theorem A.1] proved that “torsion-free”
and “torsionless” are equivalent notations if Rp is Gorenstein for all associated primes p of R.
Our aim is to establish negative answers to Question 1.3. However, let us first prove a special affir-
mative result. More precisely, we obtain a positive answer to the second part of Question 1.3 in case
both modules considered have depth two; see Corollary 2.3. It seems that this result may be useful in
further studying the torsion properties of tensor products of modules.
Proposition 2.2. Let R be a local hypersurface and M,N ∈ modR. Assume TorRi (M,N) = 0 for all
i≥ 1. Assume further, for some positive integer n, M satisfies (Sn) and depth(M) = n (e.g., M is locally
free on the punctured spectrum of R and depth(M) = n). If M⊗RN satisfies (Sn), then N satisfies (Sn).
Proof. Let p ∈ Supp(N). If p∈ Supp(M), then using Theorem 1.1 and localizing the depth formula, we
see N satisfies depth(Np)≥ min{n,dim(Rp)}. Hence we may assume p /∈ Supp(M). We knowM or N
has finite projective dimension; see [13, 1.9]. Since p /∈ Supp(M), it follows that Supp(M) 6= Spec(R).
Therefore pd(M) = ∞: as otherwise,M would have positive rank and so full support; see [5, 1.3]. Thus
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pd(N) < ∞. Now Theorem 1.1 (see also [2, 1.2]) implies pd(N) = depth(M)− depth(M⊗RN). Since
depth(M⊗RN)≥ n, we have pd(N)≤ depth(M)− n= 0, i.e., N is free. 
Corollary 2.3. Let R be a local hypersurface and let M,N ∈ modR be modules, either of which has
rank. Assume M⊗RN is reflexive. If depth(M) = depth(N) = 2, then M and N are both reflexive.
Proof. It follows from Theorem 1.2 that TorRi (M,N) = 0 for all i ≥ 1. Moroever, we know M or N is
reflexive; see [5, 4.4]. In either case, since bothM and N have depth two, we conclude from Proposition
2.2 that bothM and N are reflexive. 
Next is the statement of our main result.
Theorem 2.4. Let R be a commutative Noetherian ring (not necessarily local) and let p ∈ Spec(R) with
grade(p)≥ 1 and height(p) = n+1 for some nonnegative integer n. Let X ∈modR be a module and set
N = Tr(X). Assume the following conditions hold:
(i) R satisfies (Sn+1).
(ii) X is torsion, Xp is not free, but Xq is free for each q ∈ Spec(R) with q + p.
(iii) There exists a module 0 6=M ∈modR such that M satisfies (Sn+2) and p /∈ SuppR(M).
Then the following hold:
(1) M⊗RN satisfies (Sn+1).
(2) TorRi (M,N) = 0 for all i≥ 1, and pdR(N) = 1.
(3) N satisfies (Sn), but N does not satisfy (Sn+1).
Here are some examples that give negative answers to Question 1.3. In the first example M is a
maximal Cohen-Macaulay module, but it is not in the second one. Recall that Question 1.3 has a
positive answer whenever the ring R is a domain.
Example 2.5. Let k be a field, R= k[[x,y,z,w]]/(xy), p=(y,z,w), N =Tr(R/p) and letM=R/(x). Then
R is a three-dimensional hypersurface andM is a maximal Cohen-Macaulay R-module. In particularM
satisfies (Sr) for each r≥ 0. Note also that height(p) = 2. Thus, with n= 1, the hypotheses of Theorem
2.4 are satisfied. Therefore pdR(N) = 1, Tor
R
i (M,N) = 0 for all i≥ 1,M⊗RN andM are both reflexive,
N is torsion-free, but N is not reflexive. 
Example 2.6. Let k be a field, R= k[[x,y,z,w,u]]/(xy), p=(x,z,w), N =Tr(R/p) and letM=Ω3
R/(y)(k),
the third syzygy of k over R/(y). Then R is a four-dimensional hypersurface, height(p) = 2, and R/(y)
is a maximal Cohen-Macaulay R-module.
There is an exact sequence 0→ M → (R/(y))⊕a → (R/(y))⊕b → (R/(y))⊕c → k → 0 in modR.
Hence depthR(M) = 3 (in particular M is not a maximal Cohen-Macaulay) and p /∈ SuppR(M). Since
R/(y) satisfies (S3) as an R-module, so does M. Thus, with n = 1, the hypotheses of Theorem 2.4 are
satisfied. Therefore pdR(N) = 1, Tor
R
i (M,N) = 0 for all i ≥ 1, M⊗RN and M are both reflexive, N is
torsion-free, but N is not reflexive. 
Prior to giving our proof of Theorem 2.4, we record a result motivated by the arguments of Dutta
[9]. For completeness, we include an elementary argument for our observation; see [9, 2.4 and 2.5] for
a more general result.
Observation 2.7. Let R be a commutative Noetherian ring (not necessarily local) and letM,N ∈modR
be modules such that pdR(N)≤ 1 andM is torsion-free. Then Tor
R
i (M,N) = 0 for all i≥ 1.
In fact, set r= rank(N). Then there exists a short exact sequence 0→ R⊕r→N→C→ 0, whereC is
torsion. Since pdR(C)≤ 1 and gradeR(C)≥ 1, we see it suffices to assume gradeR(N)≥ 1. In that case,
pick a non zero-divisor x on R such that xN = 0. Then x is a non zero-divisor onM. As pdR(N)≤ 1, the
exact sequence 0→M
x
−→M→M/xM→ 0 induces an exact sequence 0→ TorR1 (M,N)
x
→ TorR1 (M,N),
and xTorR1 (M,N) = 0. This yields Tor
R
1 (M,N) = 0. 
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We are now ready to prove Theorem 2.4.
Proof of Theorem 2.4. Note, as HomR(X ,R) = 0, there is an exact sequence 0→ F → G→ N → 0,
where F and G are free R-modules. Note also that, since X is nonzero and torsion, it cannot be
projective. Hence we see pdR(N) = 1. As M is torsion-free, it follows from Observation 2.7 that
TorRi (M,N) = 0 for all i≥ 1.
Recall that Xp is not free, but Xq is free for each q ∈ Spec(R) with p * q. Hence, for a given
q ∈ Spec(R), Nq is free if p* q, and pdRq(Nq) = 1 if p⊆ q. In particular, pdRp(Np) = 1.
Moreover, since R satisfies (Sn+1) and height(p) = n+1, we have that Rp is Cohen-Macaulay. There-
fore depthRp(Np) = depth(Rp)− 1= (n+ 1)− 1= n< n+ 1=min{n+ 1,height(p)}. This shows that
N does not satisfy (Sn+1).
Let q ∈ SuppR(N) such that p⊆ q. Then we have:
(2.4.3) depthRq(Nq) = depth(Rq)− pdRq(Nq)≥min{n+ 1,height(q)}− 1= (n+ 1)− 1= n.
If p* q, then Xq is free by assumption, and so is Nq. This fact and the equation in (2.4.3) shows that N
satisfies (Sn).
Now let q ∈ Supp(M⊗R N). We will prove depthRq(M⊗R N)q ≥ min{n+ 1,height(q)}. If p * q,
then depthRq(M⊗RN)q = depthRq(Mq)≥min{n+2,height(q)} since Nq is free andM satisfies (Sn+2).
Hence we may assume p⊆ q. Notice p 6= q since p /∈SuppR(M). In particular, we have height(q)≥ n+2.
Since pdRq(Nq) = 1, andMq 6= 0 6= Nq, [2, 1.2] yields:
depthRq(Mq⊗Rq Nq) = depthRq(Mq)− 1≥min{n+ 2,height(q)}− 1= (n+ 2)− 1= n+ 1.
This establishes thatM⊗RN satisfies (Sn+1), and hence completes the proof. 
Remark 2.8. Assume R, in Theorem 2.4, is local and Tr is defined using minimal free resolutions.
Then, if one picks X = R/p, it follows that the rank of N is one less than the cardinality of a minimal
generating set of the prime ideal p; see the proof of Theorem 2.4, and Examples 2.5 and 2.6. 
We finish this section with a few remarks on Tor-rigidity. Recall that a moduleM ∈modR is called
Tor-rigid if, whenever TorRn (M,N) = 0 for some N ∈modR and some n≥ 0, one has Tor
R
j (M,N) = 0 for
all j ≥ n. Tor-rigidity is quite a subtle topic that is not well understood in commutative algebra. More
precisely, it is very difficult to examine properties of Tor-rigid modules, or determine if a given module
is Tor-rigid. For example, it is a long-standing open problem whether modules that have finite projective
dimension are Tor-rigid over complete intersection rings. There are some recent results studying Tor-
rigidity, but these mostly work over hypersurface domains; see, for example, [8]. As a consequence of
Theorem 2.4, we obtain information about supports of Tor-rigid modules, which came as a surprise to
us. Namely, we observe that the support of a maximal Cohen-Macaulay Tor-rigid module contains each
height-two prime ideal over a local ring of dimension at least two; see Corollary 2.10.
Corollary 2.9. Let R be a Cohen-Macaulay local ring and let M ∈modR be a nonzeromodule satisfying
(S3). Assume there is a prime ideal p with height(p) = 2 and p /∈ SuppR(M). Then M is not Tor-rigid.
Proof. Let N =Tr(R/p). Then, setting n= 1, Theorem 2.4 showsM⊗RN satisfies (S2), pdR(N) = 1, N
is torsion-free but N is not reflexive (N is torsion-free since it satisfies (S1), but N is not reflexive since
it does not satisfy (S2) [10, 3.6]). As pdR(N)< ∞, R is Cohen-Macaulay and N is torsion-free, we have
Nq is free for each prime ideal q of height at most one. In particular, Ext
1
R(TrN,M) is torsion.
Consider the four term exact sequence that follows from [3]:
(2.9.1) 0→ Ext1R(TrN,M)→M⊗RN→HomR(N
∗,M)→ Ext2R(TrN,M)→ 0.
SinceM⊗RN is torsion-free and Ext
1
R(TrN,M) is torsion, it follows from (2.9.1) that Ext
1
R(TrN,M) = 0.
We now follow an argument of Auslander: suppose Ext2R(TrN,M) 6= 0 and pick q in AssR(Ext
2
R(TrN,M)).
Then height(q) ≥ 2, and q ∈ SuppR(M⊗RN). Since M satisfies (S3), it follows q /∈ AssR(M). Hence
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q /∈ AssR(HomR(N
∗,M)), and depthR(HomR(N
∗,M)q) ≥ 1. Thus, by localizing (2.9.1) at q and using
the depth lemma, we see that depthRq(M⊗RN)q = 1; this is a contradiction sinceM⊗RN satisfies (S2).
So Ext1R(TrN,M) = Ext
2
R(TrN,M) = 0. Consider the following exact sequence for n= 1,2 (see [3]):
TorR2 (TrΩ
n
TrN,M)→ ExtnR(TrN,R)⊗RM→ Ext
n
R(TrN,M)→ Tor
R
1 (TrΩ
n
TrN,M)→ 0.
Now, if M is Tor-rigid, then Ext1R(TrN,R) = 0 = Ext
2
R(TrN,R), i.e., N is reflexive. Therefore M
cannot be a Tor-rigid module. 
Corollary 2.10. Let R be a local ring of dimension at least two. If M ∈ modR is a nonzero maximal
Cohen-Macaulay Tor-rigid module, then SuppR(M) contains each height-two prime ideal of R.
Proof. A local ring admitting a maximal Cohen-Macaulay Tor-rigid module is Cohen-Macaulay; see
[2, 4.3] and also [4, 4.7]. Hence the result follows from Corollary 2.9. 
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